ED 047 948

AUTHOR
TITLE
PUB DATE
NOTE

EDRS PRICE
DESCRIPTORS

AESTRACT

DOCUMENT RESUME

SE 010 612

Meserve, Bruce F.

Geometry in Secondary Schools.

21 Nov 70

11p.: Paper presented at the National Council of
Teachers of Mathematics Meeting (Atlanta, Georgia,
November 21, 1970)

EDRS Price MF-$0.65 HC-$3.29

Geometric Concepts, *Georetry, Grade 10,
*Instruction, *Mathematical Models, *S5econdary
School Mathematics, Teaching Guides

The author describes a way ¢t teaching a one-year

geometry course which includes plane geometry, solid geometry,
coordinate methods of proof, and vector rethods of proof. His method
is based upon encouraging students to use the properties of geometric
figures that they already accept without formal proof. He employs
paper folding extensively to arrive at many of the plane geometric

ccncepts. (C1T)

ERIC

Aruitoxt provided by Eic:



ED0L7948

US. DIPARTMENT OF HEALTH, EDUCATION
& WELFARE
OFFICE OF EDUCATION
THIS DOCUMENT HAS BEEN REPRODUCED
EXAC'LY AS RECEIVED FROM THE PERSON OR
ORGZ NIZATION ORIGINATING T, POINTS OF
VIEVY 03 OPINJONS STATED DO NOT NECES-

CEOMETRY IN SECONDARY SCHOOLS SAFI ¥ RLPRESENT OFFICIAL J£FICE OF EOU-

SA14ON POSITION DA POLICY

by Bruce E. Heserve, University of Vermont

Based upon a presentation at the Atlanta, Georpia meeting
of the lational Council of Teachers o€ Mathematics,

Novem' er 21, 1970,

Gecmetry in secondary schools has evolved during the Jast few years so
that the use of coordinates has become respectable and the use of vactors is
beginning to gain acceptances There still renains the tasic problem of
finding sufficient time to consider the topics from the tcraditional full year
of plane geometry, an introduction to the geometry of three spiace, an intro-
duction to coordinate methods of proof, and an introduction to vector methods
of proof,

My aim is to propose a procedure for solving this critical time shortage.
The key to this propésed solution is the extensive previous knowledge that
students have gained through their contacts with informal geometry both inside
school and outside school.

Why should we belabor properties of geomotric figures that the students
already accept? In general, we hesitate to encourage students to use thelr
previous knowledge because we want to present geometry as a mathematical sys=-
temn, avbody of knowledge that is completely contained in a M"mathematical
gane" with i{ts own set of rules, or assunptions, Accordingly, it {s essential
that students know exactly what facts they are entitled to assume, that is,

use without proof. Then the students are able to identify unwquivocally the

statements to be proved,




2.

The procedure that I am suggesting is basically a suggestion to yzu
as teachers, a pedagogical approach. The aim is to £ind an intéresting
way of recognizing explicitly the vocabulary and statements that the
students should assume from thelr previous éxperiencés in informal gecmetry.

Host peopie Wiuo have a piece of paper‘and don't have a pencil soon |
start doodling by making folds (creases) in the paper. We can think of
each crease as a line. We assuﬁe that:

There exists a straight line.
Intersections of cresses (lines) can represent points. We develop this
concept informally and assume that:

If o is a line, then m is a st of points

and may be used as a real number 1ine.

Informal discussionssuffice to enable students to recall, and vecognize
as acceptable the vocabulary of a gecmaetric figure (set of points), half-
line, ray, endpcint of a ray, line seguent, endpoings of a 1ine seguent,
the determination of a line segment by its endpoints, tha datermination
of a line by any two of Its points, betweenness for points on a line, in-
terior point of a llie segment, collinear points, noncollinear , 2ints, the
dete;mination of a plane by any three of its noncollinear points, and co-
planaf figur:s,

'_Several stages ara needed in many of tbese discussions and vhe general
content can arise in a varieiy of ways, However, the point of the procedura
is that the students have the experience to deveiop ths concepts that are
to Se fecognized as acceptable for future use and therefore to be assumed
without further proof. Here are a few mors examples of conclusions that

can be reached in discussiors with students.
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On a cheet of p.per consider two opposité rays with a given point
as their common endpoint., Fold one ray onto the other. The crease re-
presents the line that is perpendicular to the Jine of the two rays at
their common ejid point. {m a given plane there is oné ard only one line
perpendiculaf to a glven line at a given point.

On a sheet of pﬁper consider a line and a point that is not on the
lina, Fold the line onto itself so that the given point is on. the fold.
‘The crease represents the line that is perpendicular to the given line
and contains the given point. On a given planc there is one and only cne
1ine perpendicular to a given line and containing a given point,

Informal discussionsof the figures on two Intersecting lines lead
to angles, vertical angles, right angles, and adjacent éngles. The con=-
gruence of vertical angles can be {llustrated by folding one angle onto
the other, “he crease obtained in this way contains the bisectors of
the other pair of vertical angles. If one of this second pair of verfi-
cal angles is folded onto the other, the second crease is perpendicular
to the first. A variety of Interesting theorems can be identified and a
teat developed for determining whether or not the lines represented by
two intersecting cruases are perpendicular. ‘

At thls stage {t seems worth while to leave paper folding momentarily
to discuss, or review, measures of angles, the angle-measure postulate,
the protractor postulate, the addition property of angles, complementary
ingles, and supplementary angles. The usual theorems can be proved very
easily since the students have the concepts from paper folding. The
{dent{flcation of acute angles, obtuse angles, and right angles can be
done by having the students doscribe given angles and develop thelr own

il:‘ definitions, Interior points and exterior pol :; - ¢ angles should be
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4,

discussed. Whether a staight angle 1s admitted as an angle or called
a pair of opposite rays is up to you. Personally, I consider it much
better to recognize that a straight angle has no;linterlor points rather
than to deny its existence until the ne:t year when it is needed for
trigonometry.

Aﬁ introduction of measures of line segments, congruesnce of line
sepments, the addition propefty of line seguents, and midpoints s al;o
-desivablé before proceeding with the iecall of more properties of geome-
tric figures from the students' experience in informal geometry.

Lec us now censider two coplanar lines represented by creases in
8 plece of paper, The creases may Intersect on the pfece of paper., If
the creases do not intersect on the plece of paper, we ray or may ﬁot
feol coﬁfident that they would intersect Ii' the paper were larger. Stu-
dents should bé erncouraged to find a way to construct lines that would
not appe#r to Intersect even on.a very larga sheet of paper. The previcus
work on perpendicular lines usually suffices to lead students to con-
struct two lines perpendicular to the same iine., After that the obser-
vation sooﬁ arises that two coplanar lines fall to intersect (sre parallel)
if and oni} if a line that is perpendicular to one of them 1s perpendicular
to the 6ther also.

- He next consider tar:e coplanar lines. If the lines are not concurrent
{on a common point) and no two of the lines are parallel, then the threa
lines have a triangle as & subset, A discussion of angles and their in-
terlors leads to the 1dent1f£catioﬂ of the vertices of the triangle, angles
of the friangle, {nterior points of the triﬁngle, the triangular rezion,
and exterior points of the t-langle. The ldentification of various types

of triangles can te dene by having the students dascribe given triangles
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S.
and develop their own definitions. The verious conditions for congruent
triangletcan be assumed from the ways in which students have préviously
copied triangles using straightedge and compasses. Especially if the
student doesn't recall one or more of the usual censtructions, the con-
struction should be repeated and the assumed congruence illustrated by
superposition.

We have seen that explorations with paper folding and construetions
can provide motivation for aseuming several of the usval postulates and
also many statenents that are usually praved as theoreams., The recogni-
tion and acceptance of terminology and properties of geometric figures
from fha students' inforwnal experiences in geometwy ﬁake it possible to
find time for some of the other topies that should be included and which
¥J11l be much more meaningful to tha students than a formal rehash of things
that they already know, Flrat and foremost among these new topics is a
discussion of logical concepts,

Students now explain'statements ia eleméntary school and prove state-
ments in algedbra, Then in geometry the students are ready for explicit
consideration of compound statements using’"and", Yop', Mif-then"; truth
values of statements; truth tablesj Venn dlazrams; forms of atatemants of
implication, negation (denfal) of a étatement; the converse, inverse, and
contrapositive of a statement of {mplicaticn; biconditional statements;
rules of inferencej applications of rules of infereace to obtain proofsi
dire2t proofs; indirect proofs; disprodfs (proofs that a statement is
false, usually by a counterexample); existential quantificrs; and univere.
sal quantifiera,

The enphasis upon informal approaches can now be shifted from pro=-

viding a basis for the recognition of assuuptions to providing a basis
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6.
for fhe observatlons (conjectures) that are to be proveé or disproved.
For these proofs & wide variety of approaches will be sought — direct
synthetic proofs, indirect proofs, disprcofs by counterexample, ccordinate
proofs, vector proofs. »

Consider the problen of identifying thé iwcus of points that are
equidistant from two given points. On a plane we may consider tw§ points
A and B on a plece of paper and fold one onto the other. The crease ra-
presents a line, Each point of this line is at the same distanca fron
the two points A and B (row folded together). Informal discussionscan
lead to the identification of this line as containing the midpoint of
AF and Leing perpeniicular to A8, Then the usual synthetie proofs can
be used to prove that on the plane any point that 3s equidistant fron
A and B {s on the perpendicular bisector of AR, Similarly, any point
of the perpendicular bisector of AB is equidistant fron A and B. The
bisector of an angle may be discussed in a similar manner. In this case
fold one side of the angle onto the other. If the sides of the angle
are not on the same 1ine; tlie bisector of the angle is a ray with the
vertex of the angle as endpoint. All othef pointa of the angle bisector
are interior points of the angle and tfe equidistant from the sides of
the angle,

Good class discussions can be expected for the construction by
paper foléing of right triangles, fsosceles triengles, right-isosceles
triangles, and equilateral trlangles, using two-thirds of a right angle.
Practically all of the usual theorems regarding {sosceles triangles can

be conjectured fron triangles represented by folds in a plece of paper.
Then these conjectures can ba provad,
: o
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7.
bPaper folding nay also he used to construct lines assoclated with
any trisngle, not necessarily isoscales. For example, there are lines
that contain the bisectors ofvthe angles of the trianglé, the altitudes
of the triangle, the medians of the triangle, and the perpendicular bi-
sactors of the sides of the triangle. Also lines may be constructed
through each vertax of the triangle and parallel to the opposite side,

‘Represent any isosceles triangle by creases in ampiece of paper
and construct the threa lines that contaln the pefpendicular bisecfors
offéides of the triangle. Trxy this for several isosceles trlangles and
develop a criterion for determining in advance whether the constructed
lines will appear to intersect at an interior point of the triangle, at
a peint of the triangle, or at an exterior point of the triangle. Notics
that the existence of a triangle for which the lines appear to intersect
at an exterifor polnt disproves any conjecture that the lines always in=-
tersect at an interior point,

Try toiangles of many shapes to try to find a counterexample for
tha concurrent appearancs of the lines that pontain the perpendicular
bisectors of the sides. Students are now ready for the usual synthetic
proof that the parperdicular bisectors of the sides of any trlaﬁgle are
concurrent, Sinca the students have already consldered coordinate planes
in algebra, at most the midpoint formula and slopes Sf lines would be
needed to consider a coordinate proof, The vertices of the trlangla may
be chosen as As (0, 0), Bt (b, 0) where 0 < Db, and Ci (¢, d) where 0 <'d.
Tha coordinate proof can be easily undersfood sy the strdents,

If we construct the lines containing the blsectors of the anglés

of any triangle, thiase lines appear to be concurrent at an interior point
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8.
of the triangle. Can you find a triangle such that the comnon point of
the angle bicectors appears to be a point of the triangle or an exterior
point? The usual synthetic proof that these lines are concurrent is
very similar to the proof for the perpendicular bisectors of the sides
of the triangle. Explorations can show that except for its endpoint
each angle blsector i{s a subset of thé interior of the angle and the
interior of the triangle i3 the intersection of the interfors of its
angles. Thus the comnon point of the angle bise:stors must ba an fnterior
point of the triangle,

If we construct the lines containing the altitudes of a triangle,
these lines also appear to be concurrent. The usual proof of this con-
jecture involves the construction of a second triangle with its sides
on lines threugh each vertex and parallel to the opposite side of the
given triangle: A coordinate proof for ary triangle ABC with vertices
at A: (0, 0), B: (b, 0), and C: (c, d) seems much easler than the syﬁ;
thetic proof.

If we ccrstruct the lines containing the medfans of a triangle, thesa
lines also appear to be concurrent. The usual synthetic proof involves
the construction of a parallelozram. Although the proof can be followed
by students, the structure is not immediately obvious to a beginner until
after he has seen {t, Even then the approach seems somewhat of an in-
genious device. In contrast a coordinate proof is completely straight-
forward and the structure of the proof {s clear to the student from the
beginning. The coordinates of the vertices of the triangle are specified{
The ooordinates of the midpoints of the sides are found. The equations

of the lines that contain the medians &re found, Two of these equaticns

?



9.
are solved sirultaneously and the solution is substituied in the third
equation.

in the coordinate proof that the nedians of any triangle are con-
current theve are no devicus devices cr constructlcas. The coordinate
proof Is a straighffbrward application of established principles and
the student knows where he is headed at all times, Such as approach
leadé to a new concept of secondary school geometry. The prcofs are
business-ilke procedures for establishing or disproving cenjectures,
Ingenuity is needed in raking conjectures rather than in finding useful

auxiliary lines or constructions.

Vectorr proofs are also stralghtforward, <
For exanple, here is a vector proof that the - F -
< s
medfans of any triangle ABC are concurrent, I/
: o

- -
Select any point 0. Let OA = 3, T8=D and
® e e, 1‘nmﬁ=-§+3. If D {s the mid-

point of AB, then

- - 1 — - 1 - - 1-‘ 1"
OD-a+2AB=a+-2-(-a+b)=-2-a+:;b.
Sinilarly for the midpoints E of BC and F of AC we have
i~ 1= 1l -3 1. 1 -
OE!2b+-2-C. _0F=-2-a+§-c.

On the line TE) we nay think of A as the origin, E as the uni¢ point,
and each point R of the lines as having coordinats r. Then A—\R =r B
tnd each point R of the J.inqu_E; may be represented in this way relative
to A, ¥ith reference to the point 0, we have . .

-—3 -t —t
OR = 0A + AR
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-
Similarly, for each point S on BF

-t - -—h

S = 0b + ES
- [y h l-l']
=h+s[_-b+-2-a+-§-c_l
8 - -t 3J
=—2—a+(1-a)b+§-c.

V

N .
At the point P of intersection of AE and BF the values of r and s must

be such that

- - - R
(1-r)3+%b+-§-'&=§-'§+(l—s)b+g-’<‘:.

* Then since this relation is to hold for all triangles and thus for many

vectors '5. -1;. 'é, the coefficients of each vector must be equal; that is,

8 L.y.g L:=8
1":‘-5‘. '5""1 8.2 2l

Thenr=s=-§-and'5'P=-,?‘-(5 +D +72).

<> — L
For each point T on CD we have 01 = -;—E' +§-b + (1 =3%)cand P e%_g
for ¢t = -g-. Since r=s =t =§-where 0 <§-<1, the point P i3 on each

of the line segments cf the medians and is an interior point of the tri-
angle, .

Many theorenms can be easily px‘ovea by coordinate and vector methods.
For a.nother exanple of a coordinate proof consider the theorem: Any
angle inscribed in a semicircle is a right angle. ‘The semicircle may
be taken as the graph of :hc2 + y2 = r2 whers 0 _<_'y. Any angle inscribec_l
in this semicircle is an / ABC with A: (-r, 0), B: (%, y), and Ct (r, 0)

where x2 + y2 = 7.*2. Taen &3 hes slopa y / {x + r).;‘B-?: has slope v / (x = v).

‘The product of the slopes i{s -l and the angle is a right angle. This

property of angles enahles us to ute paped folding to construct as many
points as we wish ¢f a circle with a given dlameter.

In this decade of the 70'3 we should expect secondary school geometry
t_o. make increasing use of student explorations and conjectures, to strass

loglcal concepts without becoming more formwal, to welcone coordinate proofs
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and vector proofs as well as others, and to treat geometry as a part
of mathematics, In the study of mathematlcs algebralc concepts such as
coordinates and vectors should be used freely in discussions of geometry,
For example, the prismoldal formula may be used to obtain volumes of a
wide variety of solids.l Similarly, geometric concepts should be used
freely in the study of algebra, elementary functions, and other mathe-
matical topics. For example, the intersectional properties of lines on
a.plane and planes in space are used in the study of systems of lincar
équations in.aléebra, condc sections are gtudied in élgebra, and sample
spaces are used In the study of probability. One of the most striking
apnlications of geometry to the study‘of algebra is the use of an affine
plane to show a relationship between the classification of roots of a
quadratlc equation in one varlable and the classification of conics.2

Through oﬁr concept of geometry as an approach to mathematics we
should recognizs that there is some geometric content in each year of
school mathematics, Our concept of geonmetry In secondary schoois shoul&
include this broad concept of geometry as a basic apprwach to meathematics,
a point of view for visualizing and understanding aspacts of practically
all mathematical gubjects, and a significant part of each and'evepy year

of our Bchool mathematics progranm.

1, Feserve, B.E. and R.E. Plnary, "Some Notes on the Prismoidal Formula,"
Mathenatics Teacher, April, 1952, pp. 257-2€J,

2, MHesorve, B,E, and M.A. Sobel, Hathematics for Secondary School Teachers,
Prentice-Hall, Inc. 1962, pp. 303-306,
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